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Abstract
An exterior differential calculus in the general framework of general-
ized Lie algebroids is presented. A theorem of Maurer-Cartan type is
obtained. All results with details proofs are presented and a new point of
view over exterior differential calculus for Lie algebroids is obtained. Us-
ing the theory of linear connections of Ehresmann type presented in the
first reference, the identities of Cartan and Bianchi type are presented.
Supposing that any vector subbundle of the pull-back Lie algebroid of
a generalized Lie algebroid is interior differential system (IDS) for that
generalized Lie algebroid, then the involutivity of the IDS in a theorem of
Frobenius type is characterized. Extending the classical notion of exterior
differential system (EDS) to generalized Lie algebroids, then the involu-
tivity of an IDS in a theorem of Cartan type is characterized.
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1 Introduction
In general, if C is a category, then we denote |C| the class of objects and
for any A,B∈ |C|, we denote C (A,B) the set of morphisms of A source and B
target and IsoC (A,B) the set of C-isomorphisms of A source and B target. Let
Liealg, Mod,Man andBv be the category of Lie algebras, modules, manifolds
and vector bundles respectively.
We know that if
(E, pi,M) ∈ |Bv| ,
Γ (E, pi,M) = {u ∈Man (M,E) : u ◦ pi = IdM}
and
F (M) =Man (M,R) ,
then (Γ (E, pi,M) ,+, ·) is a F (M)-module.
If (ϕ, ϕ0) ∈ B
v ((E, pi,M) , (E′, pi′,M ′)) such that ϕ0 ∈ IsoMan (M,M
′) ,
then, using the operation
F (M)× Γ (E′, pi′,M ′)
·
−−−−→ Γ (E′, pi′,M ′)
(f, u′) 7−→ f ◦ ϕ−10 · u
′
it results that (Γ (E′, pi′,M ′) ,+, ·) is a F (M)-module and we obtain the Mod-
morphism
Γ (E, pi,M)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (E′, pi′,M ′)
u 7−→ Γ (ϕ, ϕ0)u
defined by
Γ (ϕ, ϕ0)u (y) = ϕ
(
uϕ−10 (y)
)
=
(
ϕ ◦ u ◦ ϕ−10
)
(y) ,
for any y ∈M ′.
If M,N ∈ |Man| , h ∈ IsoMan (M,N), η ∈ IsoMan (N,M) and (F, ν,N) ∈
|Bv| so that there exists
(ρ, η) ∈ Bv ((F, ν,N) , (TM, τM ,M))
2
and an operation
Γ (F, ν,N)× Γ (F, ν,N)
[,]F,h
−−−→ Γ (F, ν,N)
(u, v) 7−→ [u, v]F,h
with the following properties:
GLA1. the equality holds good
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v,
for all u, v ∈ Γ (F, ν,N) and f ∈ F (N) .
GLA2. the 4-tuple
(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
is a Lie F (N)-algebra,
GLA3. the Mod-morphism Γ (Th ◦ ρ, h ◦ η) is a LieAlg-morphism of(
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and
(Γ (TN, τN , N) ,+, ·, [, ]TN )
target, then the triple
(1.1)
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is an object of the category GLA of generalized Lie algebroids. (see [1])
Using the exterior differential algebra of the generalized Lie algebroid (1.1)
we develop the theory of Lie derivative, interior product and exterior differential
operator in Section 2. A new theorem of Maurer-Cartan type is presented in this
general framework. As any Lie algebroid can be regarded as a generalized Lie
algebroid, then a new point of view over exterior differential calculus for Lie
algebroids is obtained. (see also: [4, 5, 10, 11]) All the results are given with
detailed proofs. Using the (ρ, h)-torsion and (ρ, h)-curvature presented in [1] ,
we obtain the (ρ, h)-torsion and (ρ, h)-curvature forms and identities of Cartan
and Bianchi type in Section 3.
Using the Cartan’s moving frame method, there exists the following
Theorem (E. Cartan) If N ∈ |Mann| is a Riemannian manifold and Xα =
X iα
∂
∂xi
, α ∈ 1, n is an ortonormal moving frame, then there exists a colection of
1-forms Ωαβ , α, β ∈ 1, n uniquely defined by the requirements
Ωαβ = −Ω
β
α
and
dFΘα = Ωαβ ∧Θ
β, α ∈ 1, n
where
{
Θα, α ∈ 1, n
}
is the coframe. (see [12] , p. 151)
We know that an r-dimensional distribution on a manifold N is a mapping
D defined on N, which assignes to each point x of N an r-dimensional linear
3
subspace Dx of TxN. A vector fields X belongs to D if we have Xx ∈ Dx for
each x ∈ N. When this happens we write X ∈ Γ (D) .
The distribution D on a manifold N is said to be differentiable if for any
x ∈ N there exists r differentiable linearly independent vector fields X1, ..., Xr ∈
Γ (D) in a neighborhood of x. The distribution D is said to be involutive if for
all vector fields X,Y ∈ Γ (D) we have [X,Y ] ∈ Γ (D) .
In the classical theory we have the following
Theorem (Frobenius) The distribution D is involutive if and only if for each
x ∈ N there exists a neighborhood U and n − r linearly independent 1-forms
Θr+1, ...,Θn on U which vanish on D and satisfy the condition
dFΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β , α ∈ r + 1, n.
for suitable 1-forms Ωαβ , α, β ∈ r + 1, n.(see [9] , p. 58)
Extending the notion of distribution, in Section 4, we obtain the definition of
an IDS of a generalized Lie algebroid and a characterization of the ivolutivity of
an IDS in a result of Frobenius type is presented in Theorem 4.1. In particular,
h = IdM = η, then we obtain the theorem of Frobenius type for Lie algebroids.
(see: [2] , p. 248)
In Section 4 of this paper we will show that there exists very close links
between EDS and the geometry of generalized Lie algebroids. In the classi-
cal sense, an EDS is a pair (M, I) consisting of a smooth manifold M and a
homogeneous, differentially closed ideal I in the algebra of smooth differential
forms on M . ( see: [3, 6, 7, 8]) Extending the notion of EDS to generalized Lie
algebroids, the involutivity of an IDS in a result of Cartan type is presented in
the Theorem 4.3. In particular, h = IdM = η, then we obtain the theorem of
Cartan type for Lie algebroids. (see: [2] , p. 249)
Finally, in Section 5, we present a new direction by research in Symplectic
Geometry.
2 Exterior differential calculus
We propose an exterior differential calculus in the general framework of
generalized Lie algebroids. As any Lie algebroid can be regarded as a generalized
Lie algebroid, in particular, we obtain a new point of view over the exterior
differential calculus for Lie algebroids.
Let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
∈ |GLA| be.
Definition 2.1 For any q ∈ N we denote by (Σq, ◦) the permutations group
of the set {1, 2, ..., q} .
Definition 2.2 We denoted by Λq (F, ν,N) the set of q-linear applications
Γ (F, ν,N)q
ω
−−−→ F (N)
(z1, ..., zq) 7−→ ω (z1, ..., zq)
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such that
ω
(
zσ(1), ..., zσ(q)
)
= sgn (σ) · ω (z1, ..., zq)
for any z1, ..., zq ∈ Γ (F, ν,N) and for any σ ∈ Σq.
The elements of Λq (F, ν,N) will be called differential forms of degree q or
differential q-forms .
Remark 2.1 If ω ∈ Λq (F, ν,N), then ω (z1, ..., z, ..., z, ...zq) = 0. Therefore,
if ω ∈ Λq (F, ν,N), then ω (z1, ..., zi, ..., zj , ...zq) = −ω (z1, ..., zj , ..., zi, ...zq) .
Theorem 2.1 If q ∈ N , then (Λq (F, ν,N) ,+, ·) is a F (N)-module.
Definition 2.3 If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then the (q + r)-
form ω ∧ θ defined by
ω ∧ θ (z1, ..., zq+r) =
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
=
1
q!r!
∑
σ∈Σq+r
sgn (σ)ω
(
zσ(1), ..., zσ(q)
)
θ
(
zσ(q+1), ..., zσ(q+r)
)
,
for any z1, ..., zq+r ∈ Γ (F, ν,N) , will be called the exterior product of the forms
ω and θ.
Using the previous definition, we obtain
Theorem 2.2 The following affirmations hold good:
1. If ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N), then
(2.1) ω ∧ θ = (−1)
q·r
θ ∧ ω.
2. For any ω ∈ Λq (F, ν,N), θ ∈ Λr (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(2.2) (ω ∧ θ) ∧ η = ω ∧ (θ ∧ η) .
3. For any ω, θ ∈ Λq (F, ν,N) and η ∈ Λs (F, ν,N) we obtain
(2.3) (ω + θ) ∧ η = ω ∧ η + θ ∧ η.
4. For any ω ∈ Λq (F, ν,N) and θ, η ∈ Λs (F, ν,N) we obtain
(2.4) ω ∧ (θ + η) = ω ∧ θ + ω ∧ η.
5. For any f ∈ F (N), ω ∈ Λq (F, ν,N) and θ ∈ Λs (F, ν,N) we obtain
(2.5) (f · ω) ∧ θ = f · (ω ∧ θ) = ω ∧ (f · θ) .
Theorem 2.3 If
Λ (F, ν,N) = ⊕
q≥0
Λq (F, ν,N) ,
then (Λ (F, ν,N) ,+, ·,∧) is a F (N)-algebra. This algebra will be called the
exterior differential algebra of the vector bundle (F, ν,N) .
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Remark 2.2 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then
(2.6) tα1 ∧ ... ∧ tαq
(
zα1 tα, ..., z
α
q tα
)
= 1
q! det
∥∥∥∥∥∥
zα11 ... z
αq
1
... ... ...
zα1q ... z
αq
q
∥∥∥∥∥∥ ,
for any q ∈ 1, p.
Remark 2.3 If
{
tα, α ∈ 1, p
}
is the coframe associated to the frame
{
tα, α ∈ 1, p
}
of the vector bundle (F, ν,N) in the vector local (n+ p)-chart U , then, for any
q ∈ 1, p we define Cqp exterior differential forms of the type
tα1 ∧ ... ∧ tαq
such that 1 ≤ α1 < ... < αq ≤ p.
The set
{tα1 ∧ ... ∧ tαq , 1 ≤ α1 < ... < αq ≤ p}
is a base for the F (N)-module
(Λq (F, ν,N) ,+, ·) .
Therefore, if ω ∈ Λq (F, ν,N), then
ω = ωα1...αq t
α1 ∧ ... ∧ tαq .
In particular, if ω is an exterior differential p-form ω, then we can written
ω = a · t1 ∧ ... ∧ tp,
where a ∈ F (N) .
Definition 2.4 If
ω = ωα1...αq t
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N)
such that
ωα1...αq ∈ C
r (N) ,
for any 1 ≤ α1 < ... < αq ≤ p, then we will say that the q-form ω is differentiable
of Cr-class.
Definition 2.5 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
Lz
−−−−−→ Λ (F, ν,N) ,
defined by
(2.7) Lz (f) = Γ (Th ◦ ρ, h ◦ η) z (f) , ∀f ∈ F (N)
and
(2.8)
Lzω (z1, ..., zq) = Γ (Th ◦ ρ, h ◦ η) z (ω (z1, ..., zq))
−
q∑
i=1
ω
((
z1, ..., [z, zi]F,h , ..., zq
))
,
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for any ω ∈ Λq (F, ν,N) and z1, ..., zq ∈ Γ (F, ν,N) , will be called the covariant
Lie derivative with respect to the section z.
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , then the co-
variant Lie derivative with respect to the section z is defined by
(2.7′) Lz (f) = Γ (ρ, IdM ) z (f) , ∀f ∈ F (M)
and
(2.8′)
Lzω (z1, ..., zq) = Γ (ρ, IdM ) z (ω (z1, ..., zq))
−
q∑
i=1
ω ((z1, ..., [z, zi]F , ..., zq)) ,
for any ω ∈ Λq (F, ν,M) and z1, ..., zq ∈ Γ (F, ν,M) .
In addition, if ρ = IdTM , then the covariant Lie derivative with respect to
the vector field z is defined by
(2.7′′) Lz (f) = z (f) , ∀f ∈ F (M)
and
(2.8′′)
Lzω (z1, ..., zq) = z (ω (z1, ..., zq))
−
q∑
i=1
ω ((z1, ..., [z, zi]TM , ..., zq)) ,
for any ω ∈ Λq (TM, ν,M) and z1, ..., zq ∈ Γ (TM, ν,M) .
Theorem 2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N),
then
(2.9) Lz (ω ∧ θ) = Lzω ∧ θ + ω ∧ Lzθ.
Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. Since
Lz (ω ∧ θ) (z1, ..., zq+r) = Γ (Th ◦ ρ, h ◦ η) z ((ω ∧ θ) (z1, ..., zq+r))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
= Γ (Th ◦ ρ, h ◦ η) z
 ∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
))
−
q+r∑
i=1
(ω ∧ θ)
((
z1, ..., [z, zi]F,h , ..., zq+r
))
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · Γ (Th ◦ ρ, h ◦ η) z
(
ω
(
zσ(1), ..., zσ(q)
))
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
·Γ (Th ◦ ρ, h ◦ η) z
(
θ
(
zσ(q+1), ..., zσ(q+r)
))
−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
·
q∑
i=1
ω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
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−
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·θ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)Lzω
(
zσ(1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q)
)
·θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ)
q+r∑
i=q+1
ω
(
zσ(1), ..., zσ(q)
)
·Lzθ
(
zσ(q+1), ...,
[
z, zσ(i)
]
F,h
, ..., zσ(q+r)
)
= (Lzω ∧ θ + ω ∧ Lzθ) (z1, ..., zq+r)
it results the conclusion of the theorem. q.e.d.
Definition 2.6 For any z ∈ Γ (F, ν,N), the F (N)-multilinear application
Λ (F, ν,N)
iz
−−−→ Λ (F, ν,N)
Λq (F, ν,N) ∋ ω 7−→ izω ∈ Λ
q−1 (F, ν,N) ,
where
izω (z2, ..., zq) = ω (z, z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), will be called the interior product associated to
the section z.
For any f ∈ F (N), we define izf = 0.
Remark 2.4 If z ∈ Γ (F, ν,N) , ω ∈ Λp (F, ν,N) and U is an open subset of
N such that z|U = 0 or ω|U = 0, then (izω)|U = 0.
Theorem 2.5 If z ∈ Γ (F, ν,N), then for any ω ∈ Λq (F, ν,N) and θ ∈
Λr (F, ν,N) we obtain
(2.10) iz (ω ∧ θ) = izω ∧ θ + (−1)
q
ω ∧ izθ.
Proof. Let z1, ..., zq+r ∈ Γ (F, ν,N) be arbitrary. We observe that
iz1 (ω ∧ θ) (z2, ..., zq+r) = (ω ∧ θ) (z1, z2, ..., zq+r)
=
∑
σ(1)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
=
∑
1=σ(1)<σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · ω
(
z1, zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
1=σ(q+1)<σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· θ
(
z1, zσ(q+2), ..., zσ(q+r)
)
=
∑
σ(2)<...<σ(q)
σ(q+1)<...<σ(q+r)
sgn (σ) · iz1ω
(
zσ(2), ..., zσ(q)
)
· θ
(
zσ(q+1), ..., zσ(q+r)
)
+
∑
σ(1)<...<σ(q)
σ(q+2)<...<σ(q+r)
sgn (σ) · ω
(
zσ(1), ..., zσ(q)
)
· iz1θ
(
zσ(q+2), ..., zσ(q+r)
)
.
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In the second sum, we have the permutation
σ =
(
1 ... q q + 1 q + 2 ... q + r
σ (1) ... σ (q) 1 σ (q + 2) ... σ (q + r)
)
.
We observe that σ = τ ◦ τ ′, where
τ =
(
1 2 ... q + 1 q + 2 ... q + r
1 σ (1) ... σ (q) σ (q + 2) ... σ (q + r)
)
and
τ ′ =
(
1 2 ... q q + 1 q + 2 ... q + r
2 3 ... q + 1 1 q + 2 ... q + r
)
.
Since τ (2) < ... < τ (q + 1) and τ ′ has q inversions, it results that
sgn (σ) = (−1)q · sgn (τ ) .
Therefore,
iz1 (ω ∧ θ) (z2, ..., zq+r) = (iz1ω ∧ θ) (z2, ..., zq+r)
+ (−1)q
∑
τ(2)<...<τ(q)
τ(q+2)<...<τ(q+r)
sgn (τ ) · ω
(
zτ(2), ..., zτ(q)
)
· iz1θ
(
zτ(q+2), ..., zτ(q+r)
)
= (iz1ω ∧ θ) (z2, ..., zq+r) + (−1)
q
(ω ∧ iz1θ) (z2, ..., zq+r) .
q.e.d.
Theorem 2.6 For any z, v ∈ Γ (F, ν,N) we obtain
(2.11) Lv ◦ iz − iz ◦ Lv = i[z,v]
F,h
.
Proof. Let ω ∈ Λq (F, ν,N) be arbitrary. Since
iz (Lvω) (z2, ...zq) = Lvω (z, z2, ...zq)
= Γ (Th ◦ ρ, h ◦ η) v (ω (z, z2, ..., zq))− ω
(
[v, z]F,h , z2, ..., zq
)
−
q∑
i=2
ω
((
z, z2, ..., [v, zi]F,h , ..., zq
))
= Γ (Th ◦ ρ, h ◦ η) v (izω (z2, ..., zq))−
q∑
i=2
izω
(
z2, ..., [v, zi]F,h , ..., zq
)
−i[v,z]
F,h
(z2, ..., zq) =
(
Lv (izω)− i[v,z]
F,h
)
(z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N) it result the conclusion of the theorem. q.e.d.
Definition 2.7 If f ∈ F (N) and z ∈ Γ (F, ν,N) , then the exterior differ-
ential operator is defined by
(2.12) dF f (z) = Γ (Th ◦ ρ, h ◦ η) (z) f.
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , then the exte-
rior differential operator is defined by
(2.12′) dF f (z) = Γ (ρ, IdM ) (z) f.
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In addition, if ρ = IdTM , then the exterior differential operator is defined
by
(2.12′′) dTMf (z) = z (f) .
Theorem 2.7 The F (N)-multilinear application
Λq (F, ν,N)
dF
−−−→ Λq+1 (F, ν,N)
ω 7−→ dω
defined by
(2.13)
dFω (z0, z1, ..., zq) =
q∑
i=0
(−1)
i
Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
i<j
(−1)
i+j
ω
(
[zi, zj]F,h , z0, z1, ..., zˆi, ..., zˆj, ..., zq
)
,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) , is unique with the following property:
(2.14) Lz = d
F ◦ iz + iz ◦ d
F , ∀z ∈ Γ (F, ν,N) .
This F (N)-multilinear application will be called the exterior differentia-
tion operator for the exterior differential algebra of the generalized Lie algebroid
((F, ν,N), [, ]F,h, (ρ, η)).
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , then the exte-
rior differentiation operator for the exterior differential algebra of the Lie alge-
broid ((F, ν,M), [, ]F , (ρ, IdM )) is defined by
(2.13′)
dFω (z0, z1, ..., zq) =
q∑
i=0
(−1)
i
Γ (ρ, IdM ) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
i<j
(−1)
i+j
ω
(
[zi, zj]F , z0, z1, ..., zˆi, ..., zˆj, ..., zq
)
,
In addition, if ρ = IdTM , then the exterior differentiation operator for the ex-
terior differential algebra of the standard Lie algebroid ((TM, ν,M), [, ]TM , (IdTM , IdM ))
is defined by
(2.13′′)
dTMω (z0, z1, ..., zq) =
q∑
i=0
(−1)i zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
i<j
(−1)
i+j
ω
(
[zi, zj ]TM , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
,
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Proof. We verify the property (2.13) Since(
iz0 ◦ d
F
)
ω (z1, ..., zq) = dω (z0, z1, ..., zq)
=
q∑
i=0
(−1)i Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
∑
0≤i<j
(−1)i+j ω
(
[zi, zj]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
+
q∑
i=1
(−1)
i
Γ (Th ◦ ρ, h ◦ η) zi (ω (z0, z1, ..., zˆi, ..., zq))
+
q∑
i=1
(−1)
i
ω
(
[z0, zi]F,h , z1, ..., zˆi, ..., zq
)
+
∑
1≤i<j
(−1)i+j ω
(
[zi, zj]F,h , z0, z1, ..., zˆi, ..., zˆj , ..., zq
)
= Γ (Th ◦ ρ, h ◦ η) z0 (ω (z1, ..., zq))
−
q∑
i=1
ω
(
z1, ..., [z0, zi]F,h , ..., zq
)
−
q∑
i=1
(−1)
i−1
Γ (Th ◦ ρ, h ◦ η) zi (iz0ω ((z1, ..., zˆi, ..., zq)))
−
∑
1≤i<j
(−1)i+j−2 iz0ω
((
[zi, zj ]F,h , z1, ..., zˆi, ..., zˆj , ..., zq
))
=
(
Lz0 − d
F ◦ iz0
)
ω (z1, ..., zq) ,
for any z0, z1, ..., zq ∈ Γ (F, ν,N) it results that the property (2.13) is satisfied.
In the following, we verify the uniqueness of the operator dF .
Let d′F be an another exterior differentiation operator satisfying the property
(2.13) .
Let S =
{
q ∈ N : dFω = d′Fω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let z ∈ Γ (F, ν,N) be arbitrary.
We observe that (2.13) is equivalent with
(1) iz ◦
(
dF − d′F
)
+
(
dF − d′F
)
◦ iz = 0.
Since izf = 0, for any f ∈ F (N) , it results that((
dF − d′F
)
f
)
(z) = 0, ∀f ∈ F (N) .
Therefore, we obtain that
(2) 0 ∈ S.
In the following, we prove that
(3) q ∈ S =⇒ q + 1 ∈ S
Let ω ∈ Λp+1 (F, ν,N) be arbitrary. Since izω ∈ Λ
q (F, ν,N), using the
equality (1), it results that
iz ◦
(
dF − d′F
)
ω = 0.
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We obtain that,
((
dF − d′F
)
ω
)
(z0, z1, ..., zq) = 0, for any z1, ..., zq ∈ Γ (F, ν,N) .
Therefore dFω = d′Fω, namely q + 1 ∈ S.
Using the Peano’s Axiom and the affirmations (2) and (3) it results that
S = N.
Therefore, the uniqueness is verified. q.e.d.
Note that if ω = ωα1...αq t
α1 ∧ ... ∧ tαq ∈ Λq (F, ν,N), then
dFω
(
tα0 , tα1 , ..., tαq
)
=
q∑
i=0
(−1)
i
θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)
i+j
Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq .
Therefore, we obtain
(2.15)
dFω =
(
q∑
i=0
(−1)
i
θk˜αi
∂ωα0,...,α̂i...αq
∂κk˜
+
∑
i<j
(−1)
i+j
Lααiαj · ωα,α0,...,α̂i,...,α̂j ,...,αq
)
tα0 ∧ tα1 ∧ ... ∧ tαq .
Remark 2.5 If dF is the exterior differentiation operator for the generalized
Lie algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
ω ∈ Λq (F, ν,N) and U is an open subset of N such that ω|U = 0, then(
dFω
)
|U
= 0.
Theorem 2.8 The exterior differentiation operator dF given by the previous
theorem has the following properties:
1. For any ω ∈ Λq (F, ν,N) and θ ∈ Λr (F, ν,N) we obtain
(2.16) dF (ω ∧ θ) = dFω ∧ θ + (−1)
q
ω ∧ dF θ.
2. For any z ∈ Γ (F, ν,N) we obtain
(2.17) Lz ◦ d
F = dF ◦ Lz.
3. dF ◦ dF = 0.
Proof.
1. Let S =
{
q ∈ N : dF (ω ∧ θ) = dFω ∧ θ + (−1)
q
ω ∧ dF θ, ∀ω ∈ Λq (F, ν,N)
}
be. Since
dF (f ∧ θ) (z, v) = dF (f · θ) (z, v)
= Γ (Th ◦ ρ, h ◦ η) z (fω (v))− Γ (Th ◦ ρ, h ◦ η) v (fω (z))− fω
(
[z, v]F,h
)
= Γ (Th ◦ ρ, h ◦ η) z (f) · ω (v) + f · Γ (Th ◦ ρ, h ◦ η) z (ω (v))
−Γ (Th ◦ ρ, h ◦ η) v (f) · ω (z)− f · Γ (Th ◦ ρ, h ◦ η) v (ω (z))− fω
(
[z, v]F,h
)
= dF f (z) · ω (v)− dF f (v) · ω (z) + f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)
0
f · dFω (z, v)
=
(
dF f ∧ ω
)
(z, v) + (−1)
0 (
f ∧ dFω
)
(z, v) , ∀z, v ∈ Γ (F, ν,N) ,
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it results that
(1.1) 0 ∈ S.
In the following we prove that
(1.2) q ∈ S =⇒ q + 1 ∈ S.
Without restricting the generality, we consider that θ ∈ Λr (F, ν,N) . Since
dF (ω ∧ θ) (z0, z1, ..., zq+r) = iz0 ◦ d
F (ω ∧ θ) (z1, ..., zq+r)
= Lz0 (ω ∧ θ) (z1, ..., zq+r)− d
F ◦ iz0 (ω ∧ θ) (z1, ..., zq+r)
= (Lz0ω ∧ θ + ω ∧ Lz0θ) (z1, ..., zq+r)
−
[
dF ◦ (iz0ω ∧ θ + (−1)
q
ω ∧ iz0θ)
]
(z1, ..., zq+r)
=
(
Lz0ω ∧ θ + ω ∧ Lz0θ −
(
dF ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
−
(
(−1)
q−1
iz0ω ∧ d
F θ + (−1)
q
dFω ∧ iz0θ
)
(z1, ..., zq+r)
− (−1)2q ω ∧ dF ◦ iz0θ (z1, ..., zq+r)
=
((
Lz0ω − d
F ◦ iz0ω
)
∧ θ
)
(z1, ..., zq+r)
+ω ∧
(
Lz0θ − d
F ◦ iz0θ
)
(z1, ..., zq+r)
+
(
(−1)
q
iz0ω ∧ d
F θ − (−1)
q
dFω ∧ iz0θ
)
(z1, ..., zq+r)
=
[((
iz0 ◦ d
F
)
ω
)
∧ θ + (−1)
q+1
dFω ∧ iz0θ
]
(z1, ..., zq+r)
+
[
ω ∧
((
iz0 ◦ d
F
)
θ
)
+ (−1)
q
iz0ω ∧ d
F θ
]
(z1, ..., zq+r)
=
[
iz0
(
dFω ∧ θ
)
+ (−1)
q
iz0
(
ω ∧ dF θ
)]
(z1, ..., zq+r)
=
[
dFω ∧ θ + (−1)
q
ω ∧ dF θ
]
(z1, ..., zq+r) ,
for any z0, z1, ..., zq+r ∈ Γ (F, ν,N), it results (1.2) .
Using the Peano’s Axiom and the affirmations (1.1) and (1.2) it results that
S = N.
Therefore, it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) be arbitrary.
Let S =
{
q ∈ N :
(
Lz ◦ d
F
)
ω =
(
dF ◦ Lz
)
ω, ∀ω ∈ Λq (F, ν,N)
}
be.
Let f ∈ F (N) be arbitrary. Since(
dF ◦ Lz
)
f (v) = iv ◦
(
dF ◦ Lz
)
f =
(
iv ◦ d
F
)
◦ Lzf
= (Lv ◦ Lz) f −
((
dF ◦ iv
)
◦ Lz
)
f
= (Lv ◦ Lz) f − L[z,v]
F,h
f + dF ◦ i[z,v]
F,h
f − dF ◦ Lz (ivf)
= (Lv ◦ Lz) f − L[z,v]
F,h
f + dF ◦ i[z,v]
F,h
f − 0
= (Lv ◦ Lz) f − L[z,v]F,hf + d
F ◦ i[z,v]F,hf − Lz ◦ d
F (ivf)
= (Lz ◦ iv)
(
dF f
)
− L[z,v]
F,h
f + dF ◦ i[z,v]
F,h
f
= (iv ◦ Lz)
(
dF f
)
+ L[z,v]
F,h
f − L[z,v]
F,h
f
= iv ◦
(
Lz ◦ d
F
)
f =
(
Lz ◦ d
F
)
f (v) , ∀v ∈ Γ (F, ν,N) ,
it results that
(2.1) 0 ∈ S.
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In the following we prove that
(2.2) q ∈ S =⇒ q + 1 ∈ S.
Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ Lz
)
ω (z0, z1, ..., zq) = iz0 ◦
(
dF ◦ Lz
)
ω (z1, ..., zq)
=
(
iz0 ◦ d
F
)
◦ Lzω (z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω −
((
dF ◦ iz0
)
◦ Lz
)
ω
]
(z1, ..., zq)
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − d
F ◦ Lz (iz0ω)
]
(z1, ..., zq)
ip.
=
[
(Lz0 ◦ Lz)ω − L[z,z0]F,hω
]
(z1, ..., zq)
+
[
dF ◦ i[z,z0]F,hω − Lz ◦ d
F (iz0ω)
]
(z1, ..., zq)
=
[
(Lz ◦ iz0)
(
dFω
)
− L[z,z0]F,hω + d
F ◦ i[z,z0]F,hω
]
(z1, ..., zq)
=
[
(iz0 ◦ Lz)
(
dFω
)
+ L[z,z0]F,hω − L[z,z0]F,hω
]
(z1, ..., zq)
= iz0 ◦
(
Lz ◦ d
F
)
ω (z1, ..., zq)
=
(
Lz ◦ d
F
)
ω (z0, z1, ..., zq) , ∀z0, z1, ..., zq ∈ Γ (F, ν,N) ,
it results (2.2) .
Using the Peano’s Axiom and the affirmations (2.1) and (2.2) it results that
S = N.
Therefore, it results the conclusion of affirmation 2.
3. It is remarked that
iz ◦
(
dF ◦ dF
)
=
(
iz ◦ d
F
)
◦ dF = Lz ◦ d
F −
(
dF ◦ iz
)
◦ dF
= Lz ◦ d
F − dF ◦ Lz + d
F ◦
(
dF ◦ iz
)
=
(
dF ◦ dF
)
◦ iz,
for any z ∈ Γ (F, ν,N) .
Let ω ∈ Λq (F, ν,N) be arbitrary. Since(
dF ◦ dF
)
ω (z1, ..., zq+2) = izq+2 ◦ ... ◦ iz1 ◦
(
dF ◦ dF
)
ω = ...
= izq+2 ◦
(
dF ◦ dF
)
◦ izq+1 (ω (z1, ..., zq))
= izq+2 ◦
(
dF ◦ dF
)
(0) = 0, ∀z1, ..., zq+2 ∈ Γ (F, ν,N) ,
it results the conclusion of affirmation 3. q.e.d.
Theorem 2.9 If dF is the exterior differentiation operator for the exte-
rior differential F(N)-algebra (Λ(F, ν,N),+, ·,∧), then we obtain the structure
equations of Maurer-Cartan type
(C1) dF tα = −
1
2
Lαβγt
β ∧ tγ , α ∈ 1, p
14
and
(C2) dFκı˜ = θ
ı˜
αt
α, ı˜ ∈ 1, n,
where
{
tα, α ∈ 1, p
}
is the coframe of the vector bundle (F, ν,N) .
This equations will be called the structure equations of Maurer-Cartan type
associated to the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In the particular case of Lie algebroids, (η, h) = (IdM , IdM ) , then the struc-
ture equations of Maurer-Cartan type become
(C′1) d
F tα = −
1
2
Lαβγt
β ∧ tγ , α ∈ 1, p
and
(C′2) d
Fxi = ρiαt
α, i ∈ 1,m.
In the particular case of standard Lie algebroid, ρ = IdTM , then the structure
equations of Maurer-Cartan type become
(C′′1 ) d
TMdxi = 0, i ∈ 1,m
and
(C′′2 ) d
TMxi = dxi, i ∈ 1,m.
Proof. Let α ∈ 1, p be arbitrary. Since
dF tα (tβ , tγ) = −L
α
βγ , ∀β, γ ∈ 1, p
it results that
(1) d
F tα = −
∑
β<γ
Lαβγt
β ∧ tγ .
Since Lαβγ = −L
α
γβ and t
β ∧ tγ = −tγ ∧ tβ , for nay β, γ ∈ 1, p, it results that
(2)
∑
β<γ
Lαβγt
β ∧ tγ =
1
2
Lαβγt
β ∧ tγ
Using the equalities (1) and (2) it results the structure equation (C1).
Let ı˜ ∈ 1, n be arbitrarily. Since
dFκı˜ (tα) = θ
ı˜
α, ∀α ∈ 1, p
it results the structure equation (C2). q.e.d.
Let
(
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
be an another generalized Lie algebroid.
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In the category GLA, we defined (see [1]) the set of morphisms of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target as being the set
{(ϕ, ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν′, N ′))}
such that ϕ0 ∈ IsoMan (N,N
′) and the Mod-morphism Γ (ϕ, ϕ0) is a LieAlg-
morphism of (
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and (
Γ (F ′, ν′, N ′) ,+, ·, [, ]F ′,h′
)
target.
Definition 2.8 For any GLA-morphism (ϕ, ϕ0) of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target we define the application
Λq (F ′, ν ′, N ′)
(ϕ,ϕ0)
∗
−−−−−−→ Λq (F, ν,N)
ω′ 7−→ (ϕ, ϕ0)
∗
ω′
,
where (
(ϕ, ϕ0)
∗
ω′
)
(z1, ..., zq) = ω
′ (Γ (ϕ, ϕ0) (z1) , ...,Γ (ϕ, ϕ0) (zq)) ,
for any z1, ..., zq ∈ Γ (F, ν,N) .
Remark 2.5 It is remarked that the Bv-morphism (Th ◦ ρ, h ◦ η) is a GLA-
morphism of (
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(TN, τN , N) , [, ]TN,IdN , (IdTN , IdN )
)
target.
Moreover, for any ı˜ ∈ 1, n, we obtain
(Th ◦ ρ, h ◦ η)
∗ (
dκı˜
)
= dFκı˜,
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where d is the exterior differentiation operator associated to the exterior differ-
ential Lie F (N)-algebra
(Λ (TN, τN , N) ,+, ·,∧) .
Theorem 2.11 If (ϕ, ϕ0) is a morphism of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target, then the following affirmations are satisfied:
1. For any ω′ ∈ Λq (F ′, ν′, N ′) and θ′ ∈ Λr (F ′, ν′, N ′) we obtain
(2.18) (ϕ, ϕ0)
∗ (
ω′ ∧ θ′
)
= (ϕ, ϕ0)
∗
ω′ ∧ (ϕ, ϕ0)
∗
θ′.
2. For any z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν′, N ′) we obtain
(2.19) iz
(
(ϕ, ϕ0)
∗
ω′
)
= (ϕ, ϕ0)
∗ (
iΓ(ϕ,ϕ0)zω
′
)
.
3. If N = N ′ and
(Th ◦ ρ, h ◦ η) = (Th′ ◦ ρ′, h′ ◦ η′) ◦ (ϕ, ϕ0) ,
then we obtain
(2.20) (ϕ, ϕ0)
∗ ◦ dF
′
= dF ◦ (ϕ, ϕ0)
∗
.
Proof. 1. Let ω′ ∈ Λq (F ′, ν′, N ′) and θ′ ∈ Λr (F ′, ν′, N ′) be arbitrary. Since
(ϕ, ϕ0)
∗ (
ω′ ∧ θ′
)
(z1, ..., zq+r) =
(
ω′ ∧ θ′
)
(Γ (ϕ, ϕ0) z1, ...,Γ (ϕ, ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · ω′ (Γ (ϕ, ϕ0) z1, ...,Γ (ϕ, ϕ0) zq)
·θ′ (Γ (ϕ, ϕ0) zq+1, ...,Γ (ϕ, ϕ0) zq+r)
=
1
(q + r)!
∑
σ∈Σq+r
sgn (σ) · (ϕ, ϕ0)
∗
ω′ (z1, ..., zq) (ϕ, ϕ0)
∗
θ′ (zq+1, ..., zq+r)
=
(
(ϕ, ϕ0)
∗
ω′ ∧ (ϕ, ϕ0)
∗
θ′
)
(z1, ..., zq+r) ,
for any z1, ..., zq+r ∈ Γ (F, ν,N), it results the conclusion of affirmation 1.
2. Let z ∈ Γ (F, ν,N) and ω′ ∈ Λq (F ′, ν′, N ′) be arbitrary. Since
iz
(
(ϕ, ϕ0)
∗
ω′
)
(z2, ..., zq) = ω
′ (Γ (ϕ, ϕ0) z,Γ (ϕ, ϕ0) z2, ...,Γ (ϕ, ϕ0) zq)
= iΓ(ϕ,ϕ0)zω
′ (Γ (ϕ, ϕ0) z2, ...,Γ (ϕ, ϕ0) zq)
= (ϕ, ϕ0)
∗ (
iΓ(ϕ,ϕ0)zω
′
)
(z2, ..., zq) ,
for any z2, ..., zq ∈ Γ (F, ν,N), it results the conclusion of affirmation 2.
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3. Let ω′ ∈ Λq (F ′, ν′, N ′) and z0, ..., zq ∈ Γ (F, ν,N) be arbitrary. Since(
(ϕ, ϕ0)
∗
dF
′
ω′
)
(z0, ..., zq) =
(
dF
′
ω′
)
(Γ (ϕ, ϕ0) z0, ...,Γ (ϕ, ϕ0) zq)
=
q∑
i=0
(−1)
i
Γ (Th′ ◦ ρ′, h′ ◦ η′) (Γ (ϕ, ϕ0) zi)
·ω′
((
Γ (ϕ, ϕ0) z0,Γ (ϕ, ϕ0) z1, ...,
̂Γ (ϕ, ϕ0) zi, ...,Γ (ϕ, ϕ0) zq
))
+
∑
0≤i<j
(−1)
i+j
· ω′
(
Γ (ϕ, ϕ0) [zi, zj ]F,h ,Γ (ϕ, ϕ0) z0,Γ (ϕ, ϕ0) z1, ...,
· ̂Γ (ϕ, ϕ0) zi, ...,
̂Γ (ϕ, ϕ0) zj , ...,Γ (ϕ, ϕ0) zq
)
and
dF
(
(ϕ, ϕ0)
∗
ω′
)
(z0, ..., zq)
=
q∑
i=0
(−1)
i
Γ (Th ◦ ρ, h ◦ η) (zi) ·
(
(ϕ, ϕ0)
∗
ω′
)
(z0, ..., ẑi, ..., zq)
+
∑
0≤i<j
(−1)
i+j
·
(
(ϕ, ϕ0)
∗
ω′
) (
[zi, zj ]F,h , z0, ..., ẑi, ..., ẑj , ..., zq
)
=
q∑
i=0
(−1)
i
Γ (Th ◦ ρ, h ◦ η) (zi) · ω
′
(
Γ (ϕ, ϕ0) z0, ...,
̂Γ (ϕ, ϕ0) zi, ...,Γ (ϕ, ϕ0) zq
)
+
∑
0≤i<j
(−1)i+j · ω′
(
Γ (ϕ, ϕ0) [zi, zj ]F,h ,Γ (ϕ, ϕ0) z0,Γ (ϕ, ϕ0) z1, ...,
̂Γ (ϕ, ϕ0) zi, ...,
̂Γ (ϕ, ϕ0) zj , ...,Γ (ϕ, ϕ0) zq
)
it results the conclusion of affirmation 3. q.e.d.
Definition 2.9 For any q ∈ 1, n we define
Zq (F, ν,N) =
{
ω ∈ Λq (F, ν,N) : dFω = 0
}
,
the set of closed differential exterior q-forms and
Bq (F, ν,N) =
{
ω ∈ Λq (F, ν,N) : ∃η ∈ Λq−1 (F, ν,N) | dF η = ω
}
,
the set of exact differential exterior q-forms.
3 Torsion and curvature forms. Identities of
Cartan and Bianchi type
Using the theory of linear connections of Eresmann type presented in [1] for
the diagram:
(3.1)
E
(
F, [, ]F,h , (ρ, IdN )
)
pi ↓ ↓ ν
M
h
−−−−−−−→ N
,
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where (E, pi,M) ∈ |Bv| and
(
(F, ν,N) , [, ]F,h , (ρ, IdN )
)
∈ |GLA| , we obtain a
linear ρ-connection ρΓ for the vector bundle (E, pi,M) by components ρΓabα.
Using the components of this linear ρ-connection, we obtain a linear ρ-
connection ρΓ˙ for the vector bundle (E, pi,M) given by the diagram:
(3.2)
E
(
h∗F, [, ]h∗F ,
(
h∗F
ρ , IdM
))
pi ↓ ↓ h∗ν
M
IdM
−−−−−−−−→ M
If (E, pi,M) = (F, ν,N) , then, using the components of the same linear ρ-
connection ρΓ, we can consider a linear ρ-connection ρΓ¨ for the vector bundle
(h∗E, h∗pi,M) given by the diagram:
(3.3)
h∗E
(
h∗E, [, ]h∗E ,
(
h∗E
ρ , IdM
))
h∗pi ↓ ↓ h∗pi
M
IdM
−−−−−−−−→ M
Definitiona 3.1 For any a, b ∈ 1, n we define the connection form Ωab =
ρΓabcS
c. In the particular case of Lie algebroid, h = IdM , we obtain the connec-
tion form ωab = ρΓ
a
bcs
c. In addition, if h = IdM , then we obtain the connection
form ωij = Γ
i
jkdx
k.
Definition 3.2 If (E, pi,M) = (F, ν,N), then the application
(3.4) Γ (h
∗E, h∗pi,M)
2 (ρ,h)T
−−−−−→ Γ (h∗E, h∗pi,M)
(U, V ) −→ ρT (U, V )
defined by:
(5.5) (ρ, h)T (U, V ) = ρD¨UV − ρD¨V U − [U, V ]h∗E ,
for any U, V ∈ Γ (h∗E, h∗pi,M) , is the (ρ, h)-torsion associated to linear ρ-
connection ρΓ.
If (ρ, h)T (Sa, Sb)
put
= (ρ, h)TcabSc, then the vector valued 2-form
(3.6) (ρ, h)T = ((ρ, h)TcabSc)S
a ∧ Sb
will be called the vector valued form of (ρ, h)-torsion (ρ, h)T.
In the particular case of Lie algebroids, h = IdM , then the vector valued
2-form becomes:
(3.6)′ ρT = (ρTcabsc) s
a ∧ sb.
In the classical case, ρ = IdTM , then the vector valued 2-form (3.6
′) becomes:
(3.6)′′ T =
(
Tijk
∂
∂xi
)
dxj ∧ dxk.
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Definition 3.3 For each c ∈ 1, n we obtain the scalar 2-form of (ρ, h)-
torsion (ρ, h)T
(3.7) (ρ, h)Tc = (ρ, h)TcabS
a ∧ Sb.
In the particular case of Lie algebroids, h = IdM , then the scalar 2-form
(3.7) becomes:
(3.7)′′ ρTc = ρTcabs
a ∧ sb.
In the classical case, ρ = IdTM , then the scalar 2-form (3.7
′) becomes:
(3.7)′′ Ti = Tijkdx
j ∧ dxk.
Definition 3.4 The application
(3.8) (Γ (h
∗F, h∗ν,M)2×Γ(E, pi,M)
(ρ,h)R
−−−−−→ Γ(E, pi,M)
((Z, V ), u) −→ ρR(Z, V )u
defined by
(3.9) (ρ, h)R (Z, V )u = ρD˙Z
(
ρD˙V u
)
− ρD˙V
(
ρD˙Zu
)
− ρD˙[Z,V ]h∗F u,
for any Z, V ∈ Γ (h∗F, h∗ν,M) , u ∈ Γ (E, pi,M) , is called (ρ, h)-curvature
associated to linear ρ-connection ρΓ.
If
(ρ, h)R (Tβ, Tα) sb
put
= (ρ, h)Rab αβsa,
then the vector mixed form
(3.10) (ρ, h)R =
((
(ρ, h)Rab αβsa
)
Tα ∧ T β
)
sb
will be called the vector valued form of (ρ, h)-curvature (ρ, h)R.
In the particular case of Lie algebroids, h = IdM , then the vector mixed
form (3.10) becomes:
(3.10)′ ρR =
((
ρRab αβsa
)
tα ∧ tβ
)
sb
In the classical case, h = IdM , then the vector mixed form (3.10)
′
becomes:
(3.10)′′ R =
(
(Rab hksa) dx
h ∧ dxk
)
sb.
Definition 3.5 For each a, b ∈ 1, n we obtain the scalar 2-form of (ρ, h)-
curvature (ρ, h)R
(3.11) (ρ, h)Rab = (ρ, h)R
a
b αβT
α ∧ T β.
In the particular case of Lie algebroids, h = IdM , the scalar 2-form (3.11) becomes
(3.11)′ ρRab = ρR
a
b αβt
α ∧ tβ .
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In the classical case, h = IdM , the scalar 2-form (3.11)
′ becomes:
(3.11)′′ Rab = R
a
b hkdx
h ∧ dxk.
Theorem 3.1 The identities
(C1) (ρ, h)Ta = dh
∗FSa +Ωab ∧ S
b,
and
(C2) (ρ, h)Rab = d
h∗FΩab +Ω
a
c ∧Ω
c
b
hold good. These will be called the first respectively the second identity of Cartan
type.
In the particular case of Lie algebroids, h = IdM , then the identities (C1)
and (C2) become
(C′1) ρT
a = dF sa + ωab ∧ s
b,
and
(C′2) ρR
a
b = d
Fωab + ω
a
c ∧ ω
c
b
respectively.
In the classical case,ρ = IdTM , then the identities (C
′
1) and (C
′
2) become:
(C′′1 ) T
i = ddxi + ωij ∧ dx
j = ωij ∧ dx
j
and
(C′′2 ) R
i
j = dω
i
j + ω
i
h ∧ ω
h
j ,
respectively.
Proof. To prove the first identity we consider that (E, pi,M) = (F, ν,M) .
Since
dh
∗FSa(U, V )Sa = ((Γ(
h∗F
ρ , IdM )U)S
a(V )
−(Γ(
h∗F
ρ , IdM )V )(S
a(U))− Sa([U, V ]h∗F ))Sa
= (Γ(
h∗F
ρ , IdM )U)(V
a)− (Γ(
h∗F
ρ , IdM )V )(U
a)− Sa([U, V ]h∗F )Sa
= ρD¨UV − V
bρD¨USb − ρD¨V U − U
bρD¨V Sb − [U, V ]h∗F
= (ρ, h)T(U, V )− (ρΓabcV
bU c − ρΓabcU
bV c)Sa
= ((ρ, h)Ta(U, V )− Ωab ∧ S
b(U, V ))Sa,
it results the first identity.
To prove the second identity, we consider that (E, pi,M) 6= (F, ν,M) . Since
(ρ, h)Rab (Z,W ) sa = (ρ, h)R ((W,Z) , sb)
= ρD˙Z
(
ρD˙W sb
)
− ρD˙W
(
ρD˙Zsb
)
− ρD˙[Z,W ]h∗F sb
= ρD˙Z (Ω
a
b (W ) sa)− ρD˙W (Ω
a
b (Z) sa)− Ω
a
b ([Z,W ]h∗F ) sa
+(Ωac (Z)Ω
c
b (W )− Ω
a
c (W )Ω
c
b (Z)) sa
=
(
dh
∗FΩab (Z,W ) + Ω
a
c ∧ Ω
c
b (Z,W )
)
sa
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it results the second identity. q.e.d.
Theorem 3.2 The identities
(B1) dh
∗F (ρ, h)Ta = (ρ, h)Rab ∧ S
b − Ωac ∧ (ρ, h)T
c
and
(B2) dh
∗F (ρ, h)Rab = (ρ, h)R
a
c ∧ Ω
c
b − Ω
a
c ∧ (ρ, h)R
c
b,
hold good. We will called these the first respectively the second identity of
Bianchi type.
If the (ρ, h)-torsion is null, then the first identity of Bianchi type becomes:
(B˜1) (ρ, h)R
a
b ∧ s
b = 0.
In the particularcase of Lie algebroids, h = IdM , then the identities (B1)
and (B2) become
(B′1) d
F ρTa = ρRab ∧ s
b − ωac ∧ ρT
c
and
(B′2) d
F ρRab = ρR
a
c ∧ ω
c
b − ω
a
c ∧ ρR
c
b,
respectively.
In the classical case, ρ = IdTM , then the identities (B
′
1) and (B
′
2) become:
(B′′1 ) dT
i = Rij ∧ dx
j − ωik ∧ T
k
and
(B′′2 ) dR
i
j = R
i
h ∧ ω
h
j − ω
i
h ∧R
h
j ,
respectively.
Proof. We consider (E, pi,M) = (F, ν,M) . Using the first identity of Cartan
type and the equality dh
∗F ◦ dh
∗F = 0, we obtain:
dh
∗F (ρ, h)Ta = dh
∗FΩab ∧ S
b − Ωac ∧ d
h∗FSc.
Using the second identity of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Ta = ((ρ, h)Rab − Ω
a
c ∧ Ω
c
b) ∧ S
b − Ωac ∧
(
(ρ, h)Tc − Ωcb ∧ S
b
)
.
After some calculations, we obtain the first identity of Bianchi type.
Using the second identity of Cartan type and the equality dh
∗F ◦ dh
∗F = 0,
we obtain:
dh
∗FΩac ∧Ω
c
b − Ω
a
c ∧ d
h∗FΩcb = d
h∗F (ρ, h)Rab .
Using the second of Cartan type and the previous identity, we obtain:
dh
∗F (ρ, h)Rab = ((ρ, h)R
a
c − Ω
a
e ∧ Ω
e
c) ∧ Ω
c
b − Ω
a
c ∧ ((ρ, h)R
c
b − Ω
c
e ∧ Ω
e
b) .
After some calculations, we obtain the second identity of Bianchi type.q.e.d.
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4 Interior and exterior differential systems
Let
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
be an object of the category GLA.
Let AFF be a vector fibred (n+ p)-atlas for the vector bundle (F, ν,N) and
let AFTM be a vector fibred (m+m)-atlas for the vector bundle (TM, τM ,M).
Let (h∗F, h∗ν,M) be the pull-back vector bundle through h.
If (U, ξU ) ∈ AFTM and (V, sV ) ∈ AFF such that U ∩ h
−1 (V ) 6= φ, then we
define the application
h∗ν−1(U∩h−1(V )))
s¯
U∩h−1(V )
−−−−−−−→
(
U∩h−1(V )
)
×Rp
(κ, z (h (κ))) 7−→
(
κ, t−1
V,h(κ)z (h (κ))
)
.
Proposition 4.1 The set
AFF
put
=
⋃
(U,ξU )∈AFTM , (V,sV )∈AFF
U∩h−1(V ) 6=φ
{(
U ∩ h−1 (V ) , s¯U∩h−1(V )
)}
is a vector fibred m+ p-atlas for the vector bundle (h∗F, h∗ν,M) .
If z = zαtα ∈ Γ (F, ν,N) , then we obtain the section
Z = (zα ◦ h)Tα ∈ Γ (h
∗F, h∗ν,M)
such that Z (x) = z (h (x)) , for any x ∈ U ∩ h−1 (V ) .
Theorem 4.1 Let
(
h∗F
ρ , IdM
)
be the Bv-morphism of (h∗F, h∗ν,M) source
and (TM, τM ,M) target, where
(4.1)
h∗F
h∗F
ρ
−−→ TM
ZαTα (x) 7−→
(
Zα · ρiα ◦ h
) ∂
∂xi
(x)
Using the operation
Γ (h∗F, h∗ν,M)× Γ (h∗F, h∗ν,M)
[,]
h∗F
−−−−−−−−→ Γ (h∗F, h∗ν,M)
defined by
(4.2)
[Tα, Tβ]h∗F =
(
L
γ
αβ ◦ h
)
Tγ ,
[Tα, fTβ]h∗F = f
(
L
γ
αβ ◦ h
)
Tγ +
(
ρiα ◦ h
) ∂f
∂xi
Tβ,
[fTα, Tβ]h∗F = − [Tβ, fTα]h∗F ,
for any f ∈ F (M) , it results that(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
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is a Lie algebroid which is called the pull-back Lie algebroid of the generalized
Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Definition 4.1 Any vector subbundle (E, pi,M) of the pull-back vector
bundle (h∗F, h∗ν,M) will be called interior differential system (IDS) of the
generalized Lie algebroid (
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then we obtain the definition of IDS of a Lie
algebroid. (see [2])
Remark 4.1 If (E, pi,M) is an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
then we obtain a vector subbundle
(
E0, pi0,M
)
of the vector bundle
(
∗
h∗F ,
∗
h∗ν,M
)
such that
Γ
(
E0, pi0,M
) put
=
{
Ω ∈ Γ
(
∗
h∗F ,
∗
h∗ν,M
)
: Ω (S) = 0, ∀S ∈ Γ (E, pi,M)
}
.
The vector subbundle
(
E0, pi0,M
)
will be called the annihilator vector sub-
bundle of the IDS (E, pi,M) .
Proposition 4.2 If (E, pi,M) is an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
such that Γ (E, pi,M) = 〈S1, ..., Sr〉, then it exists Θ
r+1, ...,Θp ∈ Γ
(
∗
h∗F ,
∗
h∗ν,M
)
linearly independent such that Γ
(
E0, pi0,M
)
=
〈
Θr+1, ...,Θp
〉
.
Definition 4.2 The IDS (E, pi,M) of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
will be called involutive if [S, T ]h∗F ∈ Γ (E, pi,M) , for any S, T ∈ Γ (E, pi,M) .
Proposition 4.3 If (E, pi,M) is an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
and {S1, ..., Sr} is a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·) then
(E, pi,M) is involutive if and only if [Sa, Sb]h∗F ∈ Γ (E, pi,M) , for any a, b ∈
1, r.
Theorem 4.2 (of Frobenius type) Let (E, pi,M) be an IDS of the general-
ized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
. If
{
Θr+1, ...,Θp
}
is a base for the
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F (M)-submodule
(
Γ
(
E0, pi0,M
)
,+, ·
)
, then the IDS (E, pi,M) is involutive if
and only if it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β , α ∈ r + 1, p.
Proof: Let {S1, ..., Sr} be a base for the F (M)-submodule (Γ (E, pi,M) ,+, ·)
Let {Sr+1, ..., Sp} ∈ Γ (h
∗F, h∗ν,M) such that
{S1, ..., Sr, Sr+1, ..., Sp}
is a base for the F (M)-module
(Γ (h∗F, h∗ν,M) ,+, ·) .
Let Θ1, ...,Θr ∈ Γ
(
∗
h∗F ,
∗
h∗ν,M
)
such that
{
Θ1, ...,Θr,Θr+1, ...,Θp
}
is a base for the F (M)-module(
Γ
(
∗
h∗F ,
∗
h∗ν,M
)
,+, ·
)
.
For any a, b ∈ 1, r and α, β ∈ r + 1, p, we have the equalities:
Θa (Sb) = δ
a
b
Θa (Sβ) = 0
Θα (Sb) = 0
Θα (Sβ) = δ
α
β
We remark that the set of the 2-forms{
Θa ∧Θb,Θa ∧Θβ,Θα ∧Θβ, a, b ∈ 1, r ∧ α, β ∈ r + 1, p
}
is a base for the F (M)-module(
Λ2 (h∗F, h∗ν,M) ,+, ·
)
.
Therefore, we have
(1) dh
∗FΘα = Σb<cA
α
bcΘ
b ∧Θc +Σb,γB
α
bγΘ
b ∧Θγ +Σβ<γC
α
βγΘ
β ∧Θγ ,
where, Aαbc, B
α
bγ and C
α
βγ , a, b, c ∈ 1, r∧α, β, γ ∈ r + 1, p are real local functions
such that Aαbc = −A
α
cb and C
α
βγ = −C
α
γβ .
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Using the formula
(2)
dh
∗FΘα (Sb, Sc) = Γ
(
h∗F
ρ , IdM
)
Sb (Θ
α (Sc))−Γ
(
h∗F
ρ , IdM
)
Sc (Θ
α (Sb))−Θ
α ([Sb, Sc]h∗F ) ,
we obtain that
(3) Aαbc = −Θ
α ([Sb, Sc]h∗F ) , ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
We admit that (E, pi,M) is an involutive IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
As
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r
it results that
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
and we obtain
dh
∗FΘα = Σb,γB
α
bγΘ
b ∧Θγ + 12C
α
βγΘ
β ∧Θγ
=
(
BαbγΘ
b + 12C
α
βγΘ
β
)
∧Θγ .
As
Ωαγ
put
= BαbγΘ
b +
1
2
CαβγΘ
β ∈ Λ1 (h∗F, h∗ν,M) , ∀α, β ∈ r + 1, p
it results the first implication.
Conversely, we admit that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
(4) dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β , ∀α ∈ r + 1, p.
Using the affirmations (1) , (2) and (4) we obtain that
Aαbc = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Using the affirmation (3), we obtain
Θα ([Sb, Sc]h∗F ) = 0, ∀
(
b, c ∈ 1, r ∧ α ∈ r + 1, p
)
.
Therefore,
[Sb, Sc]h∗F ∈ Γ (E, pi,M) , ∀b, c ∈ 1, r.
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Using the Proposition 4.2, we obtain the second implication. q.e.d.
Let
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
be the pull-back Lie algebroid of
the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Definition 4.3 Any ideal (I,+, ·) of the exterior differential algebra of
the pull-back Lie algebroid
(
(h∗F, h∗ν,M) , [, ]h∗F ,
(
h∗F
ρ , IdM
))
closed under
differentiation operator dh
∗F , namely dh
∗FI ⊆ I, will be called differential ideal
of the generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then we obtain the definition of the differential
ideal of a Lie algebroid.(see[2])
Definition 4.5 Let (I,+, ·) be a differential ideal of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
If it exists an IDS (E, pi,M) such that for all k ∈ N∗ and ω ∈ I∩Λk (h∗F, h∗ν,M)
we have ω (u1, ..., uk) = 0, for any u1, ..., uk ∈ Γ (E, pi,M) , then we will say that
(I,+, ·) is an exterior differential system (EDS) of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
In particular, if h = IdN = η, then we obtain the definition of the EDS of a
Lie algebroid.(see[2])
Theorem 4.3 (of Cartan type) The IDS (E, pi,M) of the generalized Lie
algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
is involutive, if and only if the ideal gen-
erated by the F (M)-submodule
(
Γ
(
E0, pi0,M
)
,+, ·
)
is an EDS of the same
generalized Lie algebroid.
Proof. Let (E, pi,M) be an involutive IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E0, pi0,M
)
,+, ·
)
.
We know that
I
(
Γ
(
E0, pi0,M
))
= ∪q∈N {Ωα ∧Θ
α, {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M)} .
Let q ∈ N and {Ωr+1, ...,Ωp} ⊂ Λ
q (h∗F, h∗ν,M) be arbitrary.
Using the Theorems 3.8 and 3.10 we obtain
dh
∗F (Ωα ∧Θ
α) = dh
∗FΩα ∧Θ
α + (−1)
q+1
Ωβ ∧ d
h∗FΘβ
=
(
dh
∗FΩα + (−1)
q+1
Ωβ ∧Ω
β
α
)
∧Θα.
As
dh
∗FΩα + (−1)
q+1
Ωβ ∧ Ω
β
α ∈ Λ
q+2 (h∗F, h∗ν,M)
27
it results that
dh
∗F
(
Ωβ ∧Θ
β
)
∈ I
(
Γ
(
E0, pi0,M
))
Therefore,
dh
∗FI
(
Γ
(
E0, pi0,M
))
⊆ I
(
Γ
(
E0, pi0,M
))
.
Conversely, let (E, pi,M) be an IDS of the generalized Lie algebroid(
(F, ν,N) , [, ]F,h , (ρ, η)
)
such that the F (M)-submodule
(
I
(
Γ
(
E0, pi0,M
))
,+, ·
)
is an EDS of the gen-
eralized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
.
Let
{
Θr+1, ...,Θp
}
be a base for the F (M)-submodule
(
Γ
(
E0, pi0,M
)
,+, ·
)
.
As
dh
∗FI
(
Γ
(
E0, pi0,M
))
⊆ I
(
Γ
(
E0, pi0,M
))
it results that it exists
Ωαβ ∈ Λ
1 (h∗F, h∗ν,M) , α, β ∈ r + 1, p
such that
dh
∗FΘα = Σβ∈r+1,pΩ
α
β ∧Θ
β ∈ I
(
Γ
(
E0, pi0,M
))
.
Using the Theorem 4.2, it results that (E, pi,M) is an involutive IDS. q.e.d.
5 A new direction by research
We know that the set of morphisms of(
(F, ν,N) , [, ]F,h , (ρ, η)
)
source and (
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
target is the set
{(ϕ, ϕ0) ∈ B
v ((F, ν,N) , (F ′, ν′, N ′))}
such that ϕ0 ∈ IsoMan (N,N
′) and the Mod-morphism Γ (ϕ, ϕ0) is a LieAlg-
morphism of (
Γ (F, ν,N) ,+, ·, [, ]F,h
)
source and (
Γ (F ′, ν′, N ′) ,+, ·, [, ]F ′,h′
)
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target. (see: [1])
We can define the simplectic space as being a pair((
(F, ν,N) , [, ]F,h , (ρ, η)
)
, ω
)
consisting of a generalized Lie algebroid
(
(F, ν,N) , [, ]F,h , (ρ, η)
)
and a nonde-
generate close 2-form ω ∈ Λ2 (F, ν,N) .
If ((
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
, ω′
)
is an another simplectic space, then we can define the set of morphisms of((
(F, ν,N) , [, ]F,h , (ρ, η)
)
, ω
)
source and ((
(F ′, ν′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
)
, ω′
)
target as being the set{
(ϕ, ϕ0) ∈ GLA
((
(F, ν,N) , [, ]F,h , (ρ, η)
)
,
(
(F ′, ν ′, N ′) , [, ]F ′,h′ , (ρ
′, η′)
))}
such that (ϕ, ϕ0)
∗ (ω′) = ω.
So, we can discuss about the category of simplectic spaces as being a subcat-
egory of the category of generalized Lie algebroids. The study of the geometry
of objects of this category is a new direction by research.
Very interesting will be a result of Darboux type in this general framework
and the connections with the Poisson bracket.
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